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AUTOMATIC CALCULATION OF THE TRANSPORT COLLISION INTEGRALS 

WITH TABLES FOR THE MORSE POTENTIAL 
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ABSTRACT 

274-/53 
A computer  programme is d e s c r i b e d  f o r  c a l c u l a t i n g  t h e  

c lass ical  and q u a n t a l  JWKB Chapman-Enskog c o l l i s i o n  i n t e g r a l s  

Sl(R9s)  (T) f o r  any r e a s o n a b l e  i n t e r a c t i o n  p o t e n t i a l .  With t h e  

programme it w a s  p o s s i b l e  i n  a b o u t  10 or 15 m i n u t e s  on a f a s t  

computer  t o  c a l c u l a t e  more t h a n  500 c o l l i s i o n  i n t e g r a l s  c o v e r i n g  

a c o m p l e t e  r a n g e  of v a l u e s  of a ,  s, and T t o  a n  a c c u r a c y  of  

b e t t e r  t h a n  1 p a r t  i n  1 , 0 0 0 .  T h i s  w a s  made p o s s i b l e  by t h e  u s e  

of e f f i c i e n t  n u m e r i c a l  t e c h n i q u e s  such  as  w e i g h t e d  Gauss i an  

q u a d r a t u r e s  and by t h e  g e n e r a l  o p t i m i z a t i o n  of a l l  n u m e r i c a l  and  

l o g i c a l  p r o c e s s e s .  

The programme w a s  checked a g a i n s t  p r e v i o u s  t a b l e s  f o r  t h e  

Lennard-Jones  and Stockmayer p o t e n t i a l s .  I t  w a s  a l s o  used  t o  l i s t  

v a l u e s  o f  t h e  c o l l i s i o n  i n t e g r a l s  and K i h a r a ' s  c o r r e c t i o n s  t o  

t h e  c o e f f i c i e n t s  of v i s c o s i t y ,  t h e r m a l  c o n d u c t i v i t y ,  d i f f u s i o n  

and t h e r m a l  d i f f u s i o n  for t h e  Morse p o t e n t i a l .  * 
* 
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I INTRODUCTION 

I n  t h e  Chapman-Enskog theo ry '  o f  a d i l u t e  gas t h e  

t r a n s p o r t  p r o p e r t i e s  o f  t h e  g a s  c a n  be e x p r e s s e d  i n  t e r m s  of a 

se t  of  c o l l i s i o n  i n t e g r a l s ,  ~ ( ' 9 ~ )  ( T I .  T h e s e  are f u n c t i o n s  of  

t h e  t e m p e r a t u r e ,  T, and t h e y  depend on t h e  i n t e r a c t i o n  p o t e n t i a l s  

between t h e  atoms or molecules of  t h e  gas. They have  been 

t a b u l a t e d  a t  d i f f e r e n t  t e m p e r a t u r e s  for a number of  s p e c i a l  

i n t e r a c t i o n  p o t e n t i a l s  i n v o l v i n g  a s m a l l  number o f  p a r a m e t e r s  

and these tab les  have  been u s e d  e x t e n s i v e l y  i n  c a l c u l a t i o n s  of  

t h e  t r a n s p o r t  p r o p e r t i e s  of g a s e s .  Evidence  h a s  been a c c u m u l a t i n g  

which  i n d i c a t e s  t h a t  these  i n t e r a c t i o n  p o t e n t i a l s  may be 

i n a d e q u a t e  f o r  d e s c r i b i n g  t h e  e q u i l i b r i u m  and t r a n s p o r t  

p r o p e r t i e s  of  g a s e s  o v e r  a wide  r a n g e  o f  p h y s i c a l  c o n d i t i o n s .  

More f l e x i b l e  p o t e n t i a l s  are needed t o  r e p r e s e n t  t h e  i n t e r a c t i o n s  

between real  atoms and m o l e c u l e s  and a n  e f f i c i e n t  method f o r  

c a l c u l a t i n g  t h e  c o l l i s i o n  i n t e g r a l s  f o r  these p o t e n t i a l s  is 

therefore needed.  Such a method s h o u l d  be able t o  deal w i t h  as 

many as p o s s i b l e  of t h e  s h a p e s  o f  i n t e r a c t i o n  p o t e n t i a l s  which 

are l i k e l y  t o  be found between atoms and m o l e c u l e s ,  and f o r  

c a l c u l a t i o n s  on a l a rge  scale it s h o u l d  be d e s i g n e d  f o r  a u t o m a t i c  

rather t h a n  fo r  manual computa t ion .  

2-4 

4- 6 

T h i s  p a p e r  desc r ibes  t h e  n u m e r i c a l  methods used  i n  a 

computer  programme b u i l t  t o  c a l c u l a t e  t h e  c o l l i s i o n  i n t e g r a l s  

f o r  any r e a s o n a b l e  i n t e r a c t i o n .  I n  t h e  las t  p a r t  of  t h e  p a p e r  

tables of c o l l i s i o n  i n t e g r a l s  o b t a i n e d  f o r  t h e  Morse p o t e n t i a l  

are l i s t e d .  
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I n  t h e  t h e o r y  of Chapman and Enskog t h e  c o l l i s i o n  

i n t e g r a l s  t a k e  t h e  form 

i n  w h i c h  p is t h e  r educed  mass of t h e  two i n t e r a c t i n g  s y s t e m s  

and k is Bol tzmann ' s  c o n s t a n t .  The c o l l i s i o n  c r o s s  s e c t i o n  

,( ' )(E) is a f u n c t i o n  of E ,  t h e  i n i t i a l  k i n e t i c  e n e r g y  of t h e  

c o l l i d i n g  p a r t i c l e s  i n  t h e i r  cen te r -o f -mass  c , o o r d i n a t e s .  

In  t h e  c lass ica l  a p p r o x i m a t i o n ,  v a l i d  a t  h i g h  e n e r g i e s ,  t h e  

c r o s s  s e c t i o n  is g i v e n  by 

S ( a ) ( E >  = 2n 4 b( l -coS X) d b ,  r 
a 

where  b is t h e  impact  pa rame te r  and x is t h e  c lass ical  a n g l e  

of d e f l e c t i o n  of  t h e  r e l a t i v e  v e l o c i t y  v e c t o r ,  
m 

f 

where  rm, t h e  c lass ica l  t u r n i n g  p o i n t ,  is t h e  ou te rmos t  z e r o  

of F ( r )  = [l-(p(r)/E-b2/r2] ' and q(r> is t h e  i n t e r a c t i o n  
1 

p o t e n t i a l ,  
a 

I n  t h e  quantum t h e o r y  t h e  c r o s s  s e c t i o n s  are g i v e n  by 

J 
0 
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i n  w h i c h  f ( x >  is t h e  s c a t t e r i n g  a m p l i t u d e  g i v e n  by 

where 6 n  is t h e  s c a t t e r i n g  phase  s h i f t ,  n is t h e  a n g u l a r  momentum 
1 

quantum number, and k=(2pE)” fr is t h e  wave number. By 

s u b s t i t u t i o n  of ( 5 )  into (4) i t  c a n  be shown8 t h a t  S(’)(E)and S(2)(E) 

r e d u c e  t o  

The phase  s h i f t ,  d n 9  c a n  be e v a l u a t e d  a c c u r a t e l y  o n l y  by t h e  

s o l u t i o n  of a d i f f e r e n t i a l  e q u a t i o n ,  ’ ” O  which is a l e n g t h y  

process i f  n u m e r i c a l  methods have  t o  be u s e d .  The p h a s e  s h i f t  

is t h e r e f  o r e  of t e n  

i 6 = k l i m  n 
R+ O3 

e v a l u a t e d  by t h e  approx ima te  c 

B 
J 

JWKB 

”I 2 
r 

11 f o r m u l a  
4 

where  p = (n+$)/k and r’m is t h e  o u t e r m o s t  zero of t h e  i n t e g r a n d  

i n  t h e  f i r s t  i n t e g r a l .  I n  t h e  semiclassical l i m i t 1 2  b-p and 

it f o l l o w s  t h a t  

m’ x = 2 -  d 6  and r = r’  dn m 

F u r t h e r ,  i f  t h e  summations i n  (6) are r e p l a c e d  by i n t e g r a l s ?  

t h e  r e s u l t i n g  semiclassical  cross s e c t i o n s  c a n  be shown t o  be  
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i d e n t i c a l  w i t h  t h e  c l a s s i c a l  cross s e c t i o n s ,  ( T h i s  is u s e d  

la ter  t o  check  t h e  accuracy of t h e  computer  programme),  

N u m e r i c a l  D i f f i c u l t i e s  

The calculat ion of  t h e  c o l l i s i o n  i n t e g r a l s  t h u s  r e d u c e s  

i n  t h e  c l a s s i c a l  approx ima t ion  t o  t h e  e v a l u a t i o n  of a t r i p l e  

i n t e g r a l  r e p r e s e n t e d  by  t h e  e q u a t i o n s  (l), (2) and (3), and to 

a problem of s i m i l a r  d i f f i c u l t y  i n  t h e  JWKB case. The n u m e r i c a l  

i n t e g r a t i o n  of  any t r i p l e  i n t e g r a l  is l a b o r i o u s  even  when t h e  

i n t e g r a n d s  are w e l l  behaved. I n  t h e  p r e s e n t  case there are two 

a d d i t i o n a l  problems:  (i) t h e  s i n g u l a r i l i e s  i n  t h e  i n t e g r a l  

e x p r e s s i o n s  f o r  t h e  d e f l e c t i o n  a n g l e  and t h e  JWKB phase  s h i f t  

a t  r = rm9 and (ii) t h e  r a p i d  o s c i l l a t i o n  of  t h e  i n t e g r a n d  i n  

(2) c o r r e s p o n d i n g  to  t h e  s p i r a l l i n g  of  t h o  p a r t i c l e s  a b o u t  one 

a n o t h e r  a t  c e r t a i n  impact  p a r a m e t e r s  when t h e  i n t e r a c t i o n  
p o t e n t i a l  is a t t r a c t i v e  - a phenomenon known as o r b i t i n g .  2 , 1 2  

These  d i f f i c u l t i e s  c o n s i d e r a b l y  l e n g t h e n  t h e  c a l c u l a t i o n s ;  

so f o r  r a p i d  c o m p u t a t i o n  it w a s  n e c e s s a r y  t o  u s e  e f f i c i e n t  

n u m e r i c a l  t e c h n i q u e s .  I n  p a r t i c u l a r ,  i n  p l a c e  of t h e  more u s u a l  

f i n i t e  d i f f e r e n c e  fo rmulae ,  A i t k e n ' s  method13 w a s  u s e d  f o r  

i n t e r p o l a t i o n  and i n t e g r a l s  w e r e  e v a l u a t e d  w i t h  w e i g h t e d  

G a u s s i a n  q ~ a d r a t u r e s ' ~  i n v o l v i n g  a l a r g e  number o f  a b s c i s s a s  e 

These  methods are s u i t a b l e  €or  u s e  w i t h  d i g i t a l  compute r s  b u t  

t h e y  are less c o n v e n i e n t  for d e s k  machine c a l c u l a t i o n s .  

I t  w a s  a l s o  n o t  p r a c t i c a l  t o  b u i l d  a computer  programme 
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t o  deal w i t h  any s h a p e  of i n t e r a c t i o n  p o t e n t i a l .  Some 

l i m i t a t i o n s  had t o  be set  on t h e  form of t h e  p o t e n t i a l ,  I t  

w a s  p o s s i b l e ,  however, t o  choose these l i m i t a t i o n s  s u c h  t h a t  

t h e y  i n c l u d e d  a l l  t h e  known i n t e r a c t i o n s  betwccn atoms and 

m o l e c u l e s .  The programme cou ld  deal  w i t h  any i n t e r a c t i o n  

p o t e n t i a l  h a v i n g  t h e  f o l l o w i n g  c h a r a c t e r i s t i c s :  

( i )  t h e  p o t e n t i a l  and a l l  its d e r i v a t i v e s  s h o u l d  be smooth 

f o r  a l l  v a l u e s  of r : 

( i i )  t h e  p o t e n t i a l  s h o u l d  have a t  m o s t  one  minimum and a t  m o s t  

one  l o n g  r a n g e  maximum; 

( i i i )  t h e  p o t e n t i a l  s h o u l d  f a l l  o f f  a t  i n f i n i t y  a t  l eas t  as 

fast  as r . Almost a l l  t h e  p o t e n t i a l s  u s e d  i n  e a r l i e r  -2 

c a l c u l a t i o n s  s a t i s f y  t h e s e  c o n d i t i o n s ,  t h e  e x c e p t i o n  b e i n g  

p o t e n t i a l s  i n v o l v i n g  a d i s c o n t i n u i t y .  The computer  programme 

c o u l d  t h e r e f o r e  be checked u s i n g  e x i s t i n g  t a b u l a t i o n s ,  and 

t h e s e  c o u l d  i n  t u r n  be checked by t h e  programme. Such a 

compar i son  o f  r e s u l t s  is d i s c u s s e d  a t  t h e  end  of  t h e  p a p e r .  I n  

t h e  f o l l o w i n g  c h a p t e r  t h e  n u m e r i c a l  methods are d i s c u s s e d  i n  

more d e t a i l .  

I I. NUMERICAL METHODS 

One o f  t h e  p r i n c i p a l  d i f f i c u l t i e s  e n c o u n t e r e d  i n  t h e  

e v a l u a t i o n  of t h e  c l a s s i c a l  c o l l i s i o n  i n t e g r a l s  is t h e  p o l e  

i n  t h e  i n t e g r a l  e x p r e s s i o n  i n  (1) f o r  t h e  c lass ica l  d e f l e c t i o n  
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a n g l e  a t  r=rm, 

t h e  JWKB phase  s h i f t ,  The s i n g u l a r i t y  c a n  be removed e i t h e r  by 

a change  of v a r i a b l e  3 ’ 1 5 3 1 6  o r  by t h e  u s e  o f  a s u i t a b l y  we igh ted  

G a u s s i a n  q u a d r a t u r e  ( t h i s  w i l l  be d i s c u s s e d  later) e 

A s i m i l a r  problem arises i n  t h e  e v a l u a t i o n  of 

I f  t h e  v a r i a b l e  of i n t e g r a t i o n  i n  t h e  i n t e g r a l  e x p r e s s i o n  

f o r  S ( ’ ) ( E )  i n  (2) is l e f t  unchanged, it is n e c e s s a r y  t o  c a l c u l a t e  

r w i t h  g r e a t  a c c u r a c y  f o r  each  v a l u e  of b r e q u i r e d .  Because o f  

t h e  d i f f i c u l t y  of f i n d i n g  a method for d e t e r m i n i n g  r a c c u r a t e l y ,  

a method independen t  of t h e  f o r m  of t h e  p o t e n t i a l ,  t h e  v a r i a b l e  

m 

m 

3,15,17 of i n t e g r a t i o n  i n  (2) is c o n v e n i e n t l y  changed from b to rm. 

Al though t h i s  s i m p l i f i e s  t h e  c lass ica l  c a l c u l a t i o n s  i t  c a n n o t  be 

u s e d  f o r  t h e  e v a l u a t i o n  of t h e  JWKB cross s e c t i o n s  i n  which rm 

must be found f o r  e a c h  i n t e g r a l  v a l u e  of t h e  a n g u l a r  momentum 

quantum number a r i s i n g  i n  t h e  summation i n  (69, For t h i s  r e a s o n  

and  b e c a u s e  a f a s t ,  n u m e r i c a l  method w a s  found f o r  d e t e r m i n i n g  r m 

a c c u r a t e l y ,  a change of v a r i a b l e  w a s  n o t  u s e d  i n  the? p r e s e n t  

programme and t h e  i n t e g r a l  i n  (2) w a s  e v a l u a t e d  d i r e c t l y .  

The c a l c u l a t i o n  of t h e  i n t e g r a l  i n  (2) and  o f  x, 6, and rm 

is c o m p l i c a t e d  a t  e n e r g i e s  which e x h i b i t  t h e  phenomenon of 

o r b i t i n g .  For t h i s  r e a s o n  i t  w a s  e s s e n t i a l  t o  be able t o  p r e d i c t  

t h e  o r b i t i n g  c o l l i s i o n s .  Thus one  o f  t h e  ea r l i e s t  f e a t u r e s  o f  

t h e  p r e s e n t  method is t h e  d e t e r m i n a t i o n  of a s e t  of p a r a m e t e r s  

which  d e f i n e  a t  which e n e r g i e s  and  a t  which impact  p a r a m e t e r s  

o r b i t i n g  o c c u r s  
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. ,  Orbit- P a r a m e t e r s  

O r b i t i n g  occurs a t  an e n e r g y  E and a n  impact  p a r a m e t e r  

b if there is a n  i n t e r n u c l e a r  s e p a r a t i o n  r0 a t  which 
0 

(ro) - E 0, 9 ' e f f  'ro) = F  e f f  

(r) is the e f f e c t i v e  p o t e n t i a l  d e f i n e d  by e f f  where cp 

109 

2 1 2  2 % (n+z) / 2 p  is r e p l a c e d  by b E i n  t h e  c lass ica l  case. P r o v i d e d  

t h a t  t h e  p o t e n t i a l  i s  a t t r a c t i v e  f o r  some valuc?s  of r- there 

is a n  e n e r g y  range  w h i c h  e x h i b i t s  o r b i t i n g .  The upper l i m i t  

of t h e  r a n g e  is t h e  c r i t i c a l  e n e r g y ,  EC9 a t  which 

(ro) = 0 ,  c f f  c ? f f  (ro) -= Cp8* 

and 

The  lower  l i m i t ,  ELC, 

r a n g e  maximum and E i s  g iven  by LC 

is non-zero i f  t h e  p o t e n t i a l  h a s  a l o n g  

If t h e  p o t e n t i a l  is always r e p u l s i v e  t h e n  E " 0 ,  and rf t h e  

p o t e n t i a l  is a lways  a t t r a c x i v e  t h e n  ELC = O  and EC = m e  

e 

The computer  programme c a l c u l a t e d  t h e s e  t w o  p a r a m e t e r s  by 

examin ing  t h e  sign of v '  (r) o v e r  t h e  whole r a n g e  of i n t e r n u c l e a r  
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d i s t a n c e s  I". 

p o s i t i o n  of t h e  maximum by i n t e r p o l a t i n g  Q' (r) t o  z e r o .  

w a s  found by n o t i n g  t h a t  i n  a p l o t  of t h e  o r b i t i n g  impact 

p a r a m e t e r  bo a g a i n s t  r a maximum v a l u e ,  bo= b is o b t a i n e d  

a t  a c e r t a i n  i n t e r n u c l e a r  d i s t a n c e ,  r ==r I t  is r e a d i l y  

shown t h a t  t h i s  maximum c o r r e s p o n d s  t o  t h e  c r i t i c a l  e n e r g y  and 

ELc w a s  found f rom (1 ) a f t e r  f i r s t  f i n d i n g  t h e  

EC 

o 9  c :  

0 6 "  

t h a t  EC is g i v e n  by 

EC -- - V e f f  (I"c) 

C" w i t h  b se t  e q u a l  t o  b 

The c a l c u l a t i o n s  a re  s i m p l i f - e d  since i n  p r a c t i c e  

and Emin above and p o s s i b l e  t o  estimate t w o  e n e r g i e s  E max 

t is 

below w h i c h  there is no e f f e c t i v e  c o n t r i b u t i o n  t o  t h e  ,c2 (T) 

i n t e g r a l s  f o r  t h e  r a n g e  of t e m p e r a t u r e s  of  i n t e r e s t .  Thus t h e  

c r o s s  s e c t i o n s  S(" (E) need o n l y  he e v a l u a t e d  between Emax 

and  Emin. 

d i s c u s s e d  l a t e r .  I f  t h e  c r i t i c a l  e n e r g i e s  E and ELC l i e  

The p r a c t i c a l  e s t i m a t i o n  of  E and Emin w i l l  be  

c 

max 

o u t s i d e  t h e  r a n g e  (Emin, Emax ) t h e i r  e x a c t  n u m e r i c a l  v a l u e s  

are immaterial p r o v i d e d  only  t h a t  t h e y  l i e  on t h e  c o r r e c t  s i d e  

of t h e  e n e r g y  r a n g e .  For example,  i f  no o r b i t i n g  o c c u r s  between 

t h c n  it is s u f f i c i e n t  t o  se t  E = ELC = 0 whe the r  
Emin and Emax c! 

or  n o t  o r b i t i n g  o c c u r s  a t  o t h e r  e n e r g i e s .  I n  t h e  f i r s t  sub-  

programme, t h e r e f o r e ,  t h e  p a r a m e t e r s  E and ELC w e r e  found c 
by s c a n n i n g  t h e  p o t e n t i a l  o n l y  a t  i n t e r n u c l e a r  d i s t a n c e s  

c o r r e s p o n d i n g  t o  t h e  energy r a n g e  (Emin9 Emax 1 .  A t  t h e  same 
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t h e n  a t a b l e  Emax t i m e  i f  o r b i t i n g  o c c u r r e d  between Emin 

of c o r r e s p o n d i n g  t r i a d s  eras bo$ E) wits  d e t e r m i n e d .  T h i s  t a b l e  

w a s  u s e d  i n  t h e  c a l c u l a t i o n  of t h e  t u r n i n g  p o i n t  described i n  

t h e  f o l l o w i n g  s e c t i o n .  

The Amroximate  T u r n i n p  P o i n t  

Except  i n  t h e  e a s e  of some s p e c i a l  p o t e n t i a l s  rm is 

d e t e r m i n e d  most r a p i d l y  by i n v e r s e  i n t e r p o l a t i o n .  To e n s u r e  

t h a t  t h i s  i n t e r p o l a t i o n  conve rges  it is n e c e s s a r y  t o  know 

close uppe r  and  lower bounds t o  t h e  t u r n i n g  p o i n t .  A t  o r b i t i n g  

e n e r g i e s  these c a n  be e s t i m a t e d  w i t h  t h e  h e l p  of t h e  o r b i t i n g  

p a r a m e t e r s .  

A t  O r b i t i n g  E n e r g i e s .  

and  bo c o r r e s p o n d i n g  t o  E can be o b t a i n e d  by i n t e r p o l a t i o n  

i n  t h e  t a b l e  of o r b i t i n g  p a r a m e t e r s  c a l c u l a t e d  i n  t h e  e a r l i e r  

sub-programme, By examining t h e  t h r e e  c u r v e s  i n  F i g .  1, one  

If ELc < E < EC t h e n  t h e  p a r a m e t e r s  r0 

f o r  b < bos one f o r  b = bo and one f o r  b > bo’ 

t h a t  ro is a n  uppe r  bound t o  rm when b < bo and t h a t  i t  is a 

lower  bound when b > bo. T h i s  e l i m i n a t e s  t h e  p o s s i b i l i t y  of  

f i n d i n g  a z e r o  of f (r) = ap e f f  (r)- E 

c o r r e s p o n d i n g  t o  t h e  t u r n l n g  p o i n t  when f ( r >  h a s  more t h a n  one 

i t  is clear 

o t h e r  t h a n  t h e  z e r o  

z e r o .  Lower and upper  bounds r e s p e c t i v e l y  c a n  be o b t a i n e d  by 

s c a n n i n g  f ( r )  f o r  r < ro and for r > ro r e s p e c t i v e l y .  

l i m i t s  on rm can t h e n  be brought  closer t o g e t h e r  by h a l v i n g  t h e  

i n t e r v a l  f o u r  o r  f i v e  t i m e s  and examin ing  t h e  s i g n  of f ( r ) .  

T h e s e  
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T h i s  p r o c e d u r e  was used  i n  t h e  programme o n l y  f o r  

t h e  l o w e s t  impact pa rame te r  below bo a r i s i n g  in t h e  q u a d r a t u r e  

r e p l a c i n g  t h e  i n t e g r a l  f n  (2) I t  w a s  a l s o  u s e d  f o r  t,he 

l o w e s t  v a l u e  of b > bo"  

speeded  up  by n o t i n g  t h a t  i f  bi and bl+I  are two impact  

p a r a m e t e r s  and rm,=  

So i n  t h e  programme t h e  and i f  bi+l > bi t h e n  rm, i+l 

impact  p a r a m e t e r s  i n  t h e  q u a d r a t u r e  w e r e  chosen  i n  o r d e r  of 

magni tude  b e g i n n i n g  w i t h  t h e  smallest ,  i . e .  b l <  b2 < bg ,  e tc .  

Then r was  f i r s t  found u s i n g  ro; close bounds t o  Y" were 
m9 1 m, 2 

found by s c a n n i n g  j u s t  above r and t h e  s a m e  p r o c e s s  w a s  m ,  1 
f o l l o w e d  f o r  rm,3; rm,49 e t c .  

I n  o t h e r  cases t h e  p r o c e s s  c o u l d  be 

t h e i r  r e s p e c t i v e  t u r n i n g  p o i n t s  and r m , i e l  

> rm, i* 

For b > b o  p r o v i d e d  t h a t  t h e  p o t e n t i a l  w a s  a t t r a c t i v e  

t h e  s p e e d  w i t h  w h i c h  rm w a s  d e t e r m i n e d  w a s  improved by n o t i n g  

t h a t  rm< b .  Then s i n c e  

c l o s e  u p p e r  and lower  bounds w e r e  known w i t h o u t  c a l c u l a t i o n .  

A t  Non-Orbi t ing  E n e r g i e s .  The  same methods w e r e  used  a t  non- 

o r b i t i n g  e n e r g i e s  e x c e p t  t h a t  there w a s  no i n i t i a l  s t a r t i n g  

p o i n t  c o r r e s p o n d i n g  t o  t h e  p a r a m e t e r  r e x c e p t  when E < ELCo 
Then rm>rLC for all impact p a r a m e t e r s .  rLC is t h e  p o s f t i o n  

of t h e  l o n g  r a n g e  p o t e n t i a l  maximum. Othe rwise  t h e  computer  

0 

s c a n n e d  f ( r )  on e i t h e r  s i d e  of bl u s i n g  l o g a r i t h m i c  i n t e r v a l s  

t i ll  approx ima te  u p p e r  and lower  bounds were found t o  t h e  t u r n i n g  
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These  were t h e n  improved by h a l v i n g  1' p o i n t  c o r r e s p o n d i n g  t o  b 

t h e  i n t e r v a l  f o u r  o r  f i v e  tmes. For a l l  s u b s e q u e n t  impact 

p a r a m e t e r s  t h e  t u r n i n g  p o i n t s  wore found i n  t h e  s a m c  way as  i n  

t h e  o r b i t i n g  case. 

me Exact  Turn ing  P o i n t  

When an uppe r  arid a lower  bound t o  rm had been o b t a i n e d ,  

t h a t  is t w o  v a l u e s  of r such t h a t  

a n  a c c u r a t e  v a l u e  of  rm was found r a p i d l y  by t h e  s u c c e s s i v e  

u s e  of A i t k e n ' s  i n t e r p o l a t i o n  f o r m u l a  . L e t  x --. Cp dy.1-E 

and  c o n s i d e r  r a s  a f u n c t i o n  o f  x s u c h  t h a x  r ==r(xl9? 

r = r ( x 2 ) ,  and r m = r ( 0 ) .  

f i n d  a f i r s t  a p p r o x i m a t i o n  t o  r ( O ) ,  r=rS9 by i n t e r p o l a t i n g  

w a s  c a l c u l a t e d  and t h e  t h r e e  p o i n t s  between x1 and  x 

( X I J l )  Y (xrp r 2 ) and (x3 ' r3 )  were used  i n  A i t k e n ' s  t h r e e - p o i n t  

f o r m u l a  t o  o b t a i n  a b e t t e r  a p p r o x i m a t i o n ,  r q 0  T h i s  p r o c e s s  w a s  

r e p e a t e d  u s i n g  h i g h e r  order i n t e r p o l a t i n g  f o r m u l a e  t i l l  two 

13 
eff 

1 

A i t k e n ' s  two-poin t  f o r m u l a  was used  t o  2 

2 "  x3 

s u c c e s s i v e  a p p r o x i m a t i o n s  t o  r were s u f f i c i e n t l y  c l o s e  

t o g e t h e r .  

t h a t  r l  and r2 were no t  t o o  d i s t a n t  f rom rme 

m 

I n  g e n e r a l  r5 was accurate t o  6 o r  7 f i g u r e s  p r o v i d e d  
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The Class ica l  D e f l e c t i o n  Anple 

The i n t e g r a l  i n  t h e  e x p r e s s i o n  f o r  t h e  c l a s s i ca l  

d e f l e c t i o n  a n g l e  i n  (3) c a n  be  e v a l u a t e d  u s i n g  t h e  Gauss-Mehler 

q u a d r a t u r e  formula': which e l i m i n a t e s  t h e  p o l e  a t  rm by 

e f f e c t i v e l y  d i v i d i n g  t h e  i n t e g r a n d  i n  (3) by ( l - r m  ,/r 'l 2 2 9  . The 

c lass ica l  d e f l e c t i o n  a n g l e  t h e n  becomes 

i n  which N is a n  even  i n t e g e r  and  a = cos(2J-1)7r/2Ne T h i s  

method w a s  a d o p t e d  i n  p r e f e r e n c e  t o  ear l ie r  methods of e v a l u a t i n g  

x b e c a u s e  of its a c c u r a c y  and s i m p l i c i t y .  l8 

a were c a l c u l a t e d  a t  t h e  b e g i n n i n g  o f  t h e  programme. I n  p r a c t i c e  

less  t h a n  10  p o i n t s  (N-20)  were needed to e n s u r e  s e v e r a l  f i g u r e  

a c c u r a c y  b o t h  f o r  n o n - o r b i t i n g  e n e r g i e s  and f o r  o r b i t i n g  e n e r g i e s  

when b > bo' 

J 

The c o e f f i c i e n t s  

j 

When t h e  impact  pa rame te r  is less  t h a n  b u t  close t o  bo9 

a l a r g e  sharp  maximum a p p e a r s  t o  t h e  i n t e g r a n d  of  (3) r e s u l t i n g  

i n  a l o s s  of  a c c u r a c y .  I n  a n  a t t e m p t  t o  t a k e  f u l l e r  a c c o u n t  of 

t h i s  maximum t h e  v a r i a b l e  i n  t h e  i n t e g r a l  i n  (3) w a s  changed 
3 , 1 5 , 1 6  

t o  8 = s in- ' ( rm/r )  t o  e l i m i n a t e  t h e  s i n g u l a r i t y  a t  rm. 

of t h e  i n t e r v a l s  ( 0 ,  n/4) and (n/4, x/2) was t h e n  e v a l u a t e d  by 

G a u s s i a n  q u a d r a t u r e s  u s i n g  as  many as 64 p o i n t s  i n  each i n t e r v a l .  

Al though a g r e a t  d e a l  c l u m s i e r  t h i s  o n l y  gave s i g n i f i c a n t l y  

d i f f e r e n t  r e s u l t s  f r o m  a 60 p o i n t  Gauss-Mehlcr q u a d r a t u r e  a t  t h e  

Each 
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v e r y  l o w e s t  e n e r g i e s  when t h e  maximum i n  t h e  i n t e g r a n d  o c c u r r e d  

a t  v e r y  l a r g e  v a l u e s  of r. 

The JWKB Phase S h i f t  

L ike  t h e  c lass ica l  d e f l e c t i o n  a n g l e  t h e  JWKB phase  s h i f t  

i n  (7) w a s  e v a l u a t e d  by Gauss-Mehlcr q u a d r a t u r e s .  l8 

w e r e  u s e d .  The f irst  is 

~ w o  f o r m u l a e  

i n  which 

R = b /cos  (g,) and w = 
j j 

Because  t h e  abscissas, r and R , and w e i g h t s ,  w are f u n c t i o n s  

of j n / N ,  it w a s  p o s s i b l e  t o  e v a l u a t e  s u c c e s s i v e  a p p r o x i m a t i o n s  
j j j' 

t o  6 w i t h  N = 2 , 4 , 8 ,  e t c .  w i t h  o n l y  a small  amount of e x t r a  

comput ing .  For  example,  5 ( N - 8 )  w a s  c a l c u l a t e d  f r o m  6 (Tu'-4) and  

t h e  f o u r  t e r m s  i n  t h e  s e r i e s  c o r r e s p o n d i n g  t o  j = 1 , 3 , 5  and  7 .  

T h i s  process w a s  r e p e a t e d  w i t h  s u c c e s s i v e l y  h i g h e r  v a l u e s  of N 

t i l l  6 w a s  found  w i t h  s u f f i c i e n t  a c c u r a c y .  I t  needed a b o u t  64 

p o i n t s  t o  r e a c h  a b o u t  3 f i g u r e  a c c u r a c y  i n  most cases. 

Two o t h e r  Gauss-Mehler q u a d r a t u r e  f o r m u l a e  have  been  d e r i v e d  
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by Smith” f o r  

r > rm. These 

w a s  found t h a t  

s impler  t o  use :  

a n  e f f e c t i v e  p o t e n t i a l  which is r e p u l s i v e  f o r  

are c o n s i d e r a b l y  m o r e  e f f i c i e n t  t h a n  (15) e I t  

t h e  more c o m p l i c a t e d  of  t h e s e  f o r m u l a e  w a s  t h e  

i n  which 
I 

(The o t h e r  f o r m u l a ,  E q . ( 3 . 5 )  i n  t h e  p a p e r  by Smi th ,  w a s  n o t  

a d o p t e d  because  it invo lved  i n v e r s e  i n t e r p o l a t i o n )  The 

a c c u r a c y  of (16) is i l l u s t r a t e d  i n  T a b l e  I ,  which lists v a l u e s  

of t h e  p h a s e  s h i f t s  f o r  d i f f e r e n t  impact  parameters when 

cp ( r ) / E  = 4(r and 2p==4 e Only t w o  p o i n t s  are needed -12- r-6) 

i n  t h e  i n t e g r a t i o n  t o  o b t a i n  phase  s h i f t s  a c c u r a t e  t o  

several  d e c i m a l  p l a c e s .  T h i s  method made i t  p o s s i b l e  t o  cal- 

c u l a t e  as many as a hundred phase  s h i f t s  per second on a n  

IBM 7090 computer .  

The Cross  S e c t i o n s  

The q u a n t a l  cross s e c t i o n s  i n  (6) w e r e  e v a l u a t e d  by 

summing o v e r  t h e  a n g u l a r  momentum quantum numbers w i t h o u t  

d i f f i c u l t y .  The c l a s s i c a l  cross s e c t i o n s  were c a l c u l a t e d  by 
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t h e  e v a l u a t i o n  of t h e  i n t e g r a l  i n  (2) .  The i n t e g r a l  had t o  be 

e v a l u a t e d  by d i f f e r e n t  methods a t  o r b i t i n g  and n o n - o p b i t i n g  

e n e r g i e s  

A t  O r b i t i n g  E n e r g i e s .  The p r i n c i p a l  d i f f i c u l t y  i n  e v a l u a t i n g  

(2) a t  o r b i t i n g  e n e r g i e s  is  t h e  i n f i n i t e  o s c i l l a t i o n  of t h e  

i n t e g r a n d  a t  boo  

t h e  p a s t  by b r e a k i n g  t h e  i n t e g r a l  i n t o  t h r e e  r e g i o n s ,  one  a b o u t  

b The i n t e g r a l  a b o u t  bo 

w a s  e i t h e r  e v a l u a t e d  a n a l y t i c a l l y  3919 or  approx ima ted  by its 

mean v a l u e  . These methods l e n g t h e n  t h e  c a l c u l a t i o n s ;  s o  a 

more s t r a i g h t f o r w a r d  method w a s  t r i e d .  

T h i s  d i f f i c u l t y  h a s  u s u a l l y  been overcome i n  

and two more o n  e i t h e r  s ide of boa  
0 

15 

The i n t e g r a l  w a s  s e p a r a t e d  i n t o  t w o  p a r t s  o n l y ,  t h e  

The first from 0 t o  bo and t h e  second  f r o m  bo t o  i n f i n i t y .  

f irst  i n t e g r a l  w a s  e v a l u a t e d  u s i n g  o n l y  t h e  p o s i t i v e  a b s c i s s a s ,  

x and t h e  c o r r e s p o n d i n g w e i g h t s ,  cu of a G a u s s i a n  

q u a d r a t u r e  
i' 1, 

2 0 , 2 1  

J 
0 

where  b i  = b x. and xi is e v a l u a t e d  f o r  b=b 

G a u s s i a n  a b s c i s s a  closest t o  u n i t y  t h e  a b s i c c a s  are c o n c e n t r a t e d  

I f  xN is t h e  
0 1  1' 

n e a r  bo where 

c h a n g i n g  m o s t  

were s o  close 

t h e  i n t e g r a n d  w a s  l a r g e s t  and w h e r e  it w a s  

r a p i d l y .  I t  w a s  found t h a t  t h e  r a p i d  o s c i l l a t i o n s  

t o  bo t h a t  e v e n  when 3 2  p o s i t i v e  G a u s s i a n  p o i n t s  

were b e i n g  used  t h e  i n t e g r a n d  w a s  o s c i l l a t i n g  o n l y  two or t h r e e  

t i m e s  between 0 and b N o  Because of t h e  c l o s e n e s s  of bN t o  bo 
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’1 h t s  and  because  of t h e  s m a l l  magni tude of t h e  l a s t  f e w  wt’g 

and W N - 1 9  i t  w a s  hoped t h a t  t h e  r a p i d  o s c i l l a t i o n s  between 

b 

s i m p l i f i c a t i o n  is s u r p r i s i n g l y  a c c u r a t e :  a compar ison  o f  t h e  

i n t e g r a t i o n s  of  S ( ” ( E )  w i t h  24 and 32 G a u s s i a n  p o i n t s  is 

i l l u s t r a t e d  i n  T a b l e  11. 

>”N 

and bo c o u l d  be n e g l e c t e d .  I t  w a s  found t h a t  t h i s  N 

The same p r i n c i p l e  a p p l i e s  t o  t h e  i n t e g r a t i o n  from bo 

t o  i n f i n i t y ,  I n  t h i s  t h e  Gauss-Laguerre  method d e s c r i b e d  by 

Da lga rno  and Smith2’ w a s  adop ted .  The i n t e g r a l  w a s  r e p l a c e d  

by t h e  q u a d r a t u r e  
m 

f 

j ’  
i n  which x w a s  e v a l u a t e d  for t h e  impact  p a r a m e t e r  b -bo+ a y  

j j 
22 and  y and W .  were t h e  Gauss-Laguerre  a b s c i s s a s  and w e i g h t s  

j J 
w i t h  yN t h e  l a r g e s t  a b s c i s s a .  

between bo and t h e  f i r s t  a b s c i s s a ,  

The s c a l i n g  f a c t o r ,  a ,  w a s  found n o t  t o  affect  t h e  q u a d r a t u r e  

s i g n i f i c a n t l y  p r o v i d e d  t h a t  t h e  i n t e g r a n d  w a s  j u s t  f a l l i n g  

The r a p i d  o s c i l l a t i o n  a t  bo o c c u r s  

b l ;  it w a s  t h e r e f o r e  n e g l e c t e d .  

below t h e  maximum p r e m i s s a b l e  e r r o r  n e a r  b = b 

a ,  w a s  computed i n i t i a l l y  u s i n g  t h i s  c o n d i t i o n .  

+ a y N .  The f a c t o r ,  
0 

A t  Non-Orbi t ing  E n e r g i e s .  A t  e n e r g i e s  w e l l  above  t h e  c r i t i c a l  

e n e r g y  (E > 2EC s a y )  and f o r  E < E 

o n l y  one o r  two o s c i l l a t i o n s  and t h e  q u a d r a t u r e  f o r m u l a  (18) can 

t h e  i n t e g r a n d  i n  (2) h a s  LC 

be used  w i t h  bo set e q u a l  t o  z e r o .  

s e c t i o n s  a c c u r a t e  t o  3 and m o r e  f i g u r e s  w i t h  32 Gauss-Laguerre  

T h i s  no rma l ly  gave c r o s s  
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p o i n t s  i n  t h e  i n t e g r a t i o n .  

A t  e n e r g i e s  above but  c l o s e  t o  Ec ( s a y  E C < E <  2EC) 

x h a s  a l a r g e  n e g a t i v e  v a l u e  n e a r  t h e  r a inbow a n g l e 1 2  at a n  

impact  p a r a m e t e r  b and  t h i s  causes c o n s i d e r a b l e  o s c i l l a t i o n s  

i n  t h e  i n t e g r a n d  of ( 2 ) .  So f o r  t h e s e  e n e r g i e s  t h e  i n t e g r a l  was 
r 

e v a l u a t e d  by t h e  s a m e  t e c h n i q u e  used  f o r  t h e  o r b i t i n g  e n e r g i e s  

b u t  w i t h  bo r e p l a c e d  by a p p r o x i m a t i o n s  t o  br found by 

e x t r a p o l a t i n g  t h e  o r b i t i n g  impact  p a r a m e t e r s  t o  e n e r g i e s  above 

EC * 

The C o l l i s i o n  I n t e g r a l s  

The c o l l i s i o n  i n t e g r a l s  i n  (1) w e r e  a lso e v a l u a t e d  b y  

t h e  Gauss-Laguerre  q u a d r a t u r e  f o r m u l a ,  

T h i s  r e q u i r e s  t h a t  S( ’ ) (E)  be known f o r  a d i f f e r e n t  se t  o f  

e n e r g i e s  a t  e a c h  t e m p e r a t u r e  T. S i n c e  t h e  c o l l i s i o n  i n t e g r a l s  are 

n o r m a l l y  c a l c u l a t e d  f o r  a number of  t e m p e r a t u r e s  it is n o t  

p r a c t i c a l  t o  c a l c u l a t e  t h e  cross  s e c t i o n s  i n  e a c h  case from 

f i r s t  p r i n c i p l e s .  So i n s t e a d  a set  of  e n e r g i e s  was chosen  and 

t h e  a p p r o p r i a t e  c r o s s  s e c t i o n s  were found by a c c u r a t e  i n t e r p o l a t i o n .  

The e n e r g i e s  were chosen  as f o l l o w s .  From t h e  maximum 

and minimum t e m p e r a t u r e s  o f  i n t e r e s t ,  Tmax and Tming t h e  e n e r g y  

r a n g e  o v e r  which t h e  c r o s s  s e c t i o n s  were needed  was found f rom 
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t h e  e q u a t i o n s  

_- 
Emax - kTmax YN ’ 

Emin - kTmln Y1 9 
- 

where  y and y w e r e  a l r e a d y  d e f i n e d  f o r  e q u a t i o n  (19) Because 

is s u c h  a s l o w l y  v a r y i n g  f u n c t i o n  o f  log E f o r  
1 N 

(‘1 l o g  s 
E < E C  and f o r  E >2E 

a t  e q u a l  l o g a r i t h m i c  i n t e r v a l s  and s u b s e q u e n t  i n t e r p o l a t i o n s  

were used  w i t h  t a b l e s  of l o g  S (’) a g a i n s t  l o g  E r a t h e r  t h a n  

w i t h  t a b l e s  of S (’I a g a i n s t  E.  

s e c t i o n s  u s u a l l y  show some o s c i l l a t i o n  and it w a s  found 

i n  t hese  r e g i o n s  e n e r g i e s  were chosen  C’ 

Between EC and 2EC t h e  cross 

s i m p l e r  t o  choose  t h e  e n e r g i e s  a t  e q u a l  i n t e r v a l s  and t o  

i n t e r p o l a t e  w i t h  t a b l e s  of S (” a g a i n s t  E ,  

Because of t h e  s i m p l i c i t y  w i t h  which it c a n  be used  

and  programmed, A i t k e n ’ s  method13 w a s  u sed  f o r  i n t e r p o l a t i o n s  

w i t h  t w o  t a b u l a t e d  e n e r g i e s  (when p o s s i b l e )  on e i t h e r  s i d e  

of each e n e r g y  a r i s i n g  i n  ( 1 9 ) .  I t  w a s  found t h a t  even  when 

Emax 
i n t e r p o l a t i o n  w a s  p o s s i b l e  w i t h  o n l y  f i f t e e n  e n e r g i e s  i n  each 

of t h e  r e g i o n s  l o g  (Emin) t o  l o g  (EC) and l o g  (2Ec) t o  l o g  (E 

a n d  w i t h  o n l y  t e n  e n e r g i e s  between EC and 2EC. 

s e c t i o n s  had t h e r e f o r e  t o  be c a l c u l a t e d  a t  o n l y  abou t  40 e n e r g i e s .  

w a s  s e v e r a l  o r d e r s  of magni tude  l a r g e r  t h a n  Emin a c c u r a t e  

) max 
The cross 
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The  number of p o i n t s  t a k e n  i n  e a c h  i n t e g r a t i o n  h a s  

a l r e a d y  been  s t a t e d ;  t h e y  were d e s i g n e d  t o  g i v e  a n  a c c u r a c y  of  

one  pa r t  i n  1 , 0 0 0  i n  t h e  c r o s s  s e c t i o n s .  The a c c u r a c y  w a s  

c a p p r e c i a b l y  g r e a t e r  t h a n  t h i s  a t  h i g h  e n e r g i e s  b u t  n e a r  E 

t h e  cross s e c t i o n s  may be i n  error  by a t  most 3 p a r t s  i n  1 , 0 8 0 ,  

S i n c e  t h e  c o l l i s i o n  i n t e g r a l s  are i n t e g r a t e d  o v e r  t h e s e  cross 

s e c t i o n s  t h e y  s h o u l d  be  more a c c u r a t e  t h a n  t h i s  a t  a l l  t e m p e r a t u r e s .  

The s p e e d  of t h e  programme depends  p r i n c i p a l l y  on t h e  

number of t i m e s  it is n e c e s s a r y  t o  c a l c u l a t e  F ( r ) .  For  o r b i t i n g  

e n e r g i e s  t h i s  is a b o u t  2 ,000  t i m e s  p e r  cross s e c t i o n  and a b o u t  

500 t i m e s  a t  n o n - o r b i t i n g  e n e r g i e s .  I t  w a s  found t h a t  on a n  

IBM 7090 computer  t h e  cross s e c t i o n s  S(” (E) f o r  = 1, 2 ,  3 

and 4 c o u l d  be  c a l c u l a t e d  for t h e  40 e n e r g i e s  n e c e s s a r y  i n  a b o u t  

t h r e e  m i n u t e s .  A f u r t h e r  10 s e c o n d s  w a s  s u f f i c i e n t  t o  e v a l u a t e  

!2(”’)(T) for ,l = 1, 2 ,  3 ,  4 and s -- 1, 2, 3 ,  4 a t  e a c h  

t e m p e r a t u r e .  

For a n  a c c u r a c y  of a b o u t  1% a b o u t  t e n  t i m e s  fewer  p o i n t s  

are needed t o  e v a l u a t e  S( ’ ) (E)  and o n l y  5 e n e r g i e s  are n e c e s s a r y  

i n  e a c h  of t h e  t h r e e  e n e r g y  r a n g e s .  So e v e n  t h e  smallest  

computer  c o u l d  be  used  t o  produce t h e  c o l l i s i o n  i n t e g r a l s  t o  t h i s  

a c c u r a c y .  
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111. RESULTS 

The programme w a s  checked by compar i son  w i t h  e x i s t i n g  

Three  of tables of c o l l i s i o n  i n t e g r a l s  for a f e w  p o t e n t i a l s .  
2 , 3 b  

t h e s e  are t h e  Lennard-Jones (12-6) p o t e n t i a l ,  

t h e  Stockmayer (12-6-3) p o t e n t i a l ,  3 b  

and  t h e  Morse p o t e n t i a l ,  17 

i n  which r /a = 1 + an(2)/C9 and C is a parameter de te rmined  by 

t h e  w i d t h  of t h e  w e l l .  A compar ison  of t h e  r e s u l t s  for t h e s e  

t h r e e  p o t e n t i a l s  is d i s c u s s e d  below. 

e 

Because t h e  Lennard-Jones p o t e n t i a l  is t h e  s a m e  as t h e  

Stockmayer  p o t e n t i a l  w i t h  5 = 0 t h e  t w o  p o t e n t i a l s  are 

c o n s i d e r e d  toge ther - .  The c o l l i s i o n  i n t e g r a l s  f o r  t h e  (12-6) 

p o t e n t i a l  have  been c a l c u l a t e d  by a number of p e o p l e 2  i n c l u d i n g  

I t e a n ,  Glueck,  and S ~ e h l a ~ ~ ;  Monchick and Mason3b; and recently 
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4 B a r k e r ,  Fock, and Smith ~ These s e p a r a t e  c a l c u l a t i o n s  are i n  

good agreement  f o r  most v a l u e s  of  t h e  r educed  t e m p e r a t u r e ,  

T*= kT/E 

a c c u r a c y  of  o u r  programme. 

They t h e r e f o r e  s e r v e d  as a n  e x c e l l e n t  check  on the 

I t  w a s  found % h a t  ou r  computed c o l l i s i o n  i n t e g r a l s  

a g r e e d  b e s t  w i t h  t h e  c a l c u l a t i o n s  of Monchick and Mason: 

agreement  w a s  b e t t e r  t h a n  1 p a r t  i n  1 , 0 0 0  e x c e p t  f o r  T*> 30 

when t h e  d i f f e r e n c e  w a s  no t  more t h a n  3 p a r t s  i n  1 , 0 0 0 .  A t  

t h e s e  h i g h  t e m p e r a t u r e s  the computer  c o l l i s i o n  i n t e g r a l s  a g r e e d  

t o  f o u r  and f i v e  f i g u r e s  w i t h  t h o s e  o f  I t e a n  et al., s u g g e s t i n g  

t h a t  Mason and Monchick are s l i g h t l y  i n  error above T* = 30. 

Othe rwise  o u r  r e s u l t s  showed t h a t  Monchick and  Mason's t a b l e s  

are t h e  most a c c u r a t e  a v a i l a b l e  and  s u g g e s t e d  that t h e  

programme w a s  a c c u r a t e  a t  a l l  t e m p e r a t u r e s .  

-- 

S i m i l a r  s m a l l  d i s c r e p a n c i e s  f o r  T*> 30 were n o t e d  

between t h e  computer  c o l l i s i o n  i n t e g r a l s  and t h o s e  c a l c u l a t e d  

by Monchick and Mason f o r  t h e  Stockmayer  p o t e n t i a l  when 8 w a s  

p o s i t i v e .  O t h e r w i s e  t h e  computer  w a s  a b l e  t o  r e p r o d u c e  Monchick 

and Mason's t a b l e s  on the Stockmayer  p o t e n t i a l  t o  b e t t e r  t h a n  

1 p a r t  i n  1 , 0 0 0 ,  c o n f i r m i n g  a g a i n  b o t h  t h e  a c c u r a c y  of t h e s e  

t a b l e s  and t h e  computer  programme 

Morse P o t e n t i a l  

A f t e r  t h e  programme was f u l l y  t e s t e d  on t h e  Stockmayer  

and  Lennard-Jones p o t e n t i a l s  it w a s  u s e d  t o  e v a l u a t e  t h e  

c o l l i s i o n  i n t e g r a l s  f o r  t h e  Morse p o t e n t i a l  f o r  d i f f e r e n t  v a l u e s  
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of t h e  p a r a m e t e r  C.. Good agreement  w a s  o b t a i n e d  i n  m o s t  cases 

w i t h  t h e  r e s u l t s  o f  L o v e l l  and H i r s c h f e l d e r  e Tn t h e  case of 17 

C = 8 and C = 10,  however’, d i sag reemen t  w a s  a s  much as  10% 

a t  t h e  lowest r e d u c e d  t e m p e r a t u r e s  (T*= Q.2) T h i s  d i s a g r e e m e n t  

w a s  t r a c e d  t o  d i s c r e p a n c i e s  i n  t h e  low-energy cross s e c t i o n s .  

I n  case t h i s  might  be clue t o  some error  i n  t h e  programme, 

some JWKB c r o s s  s e c t i o n s  were c a l c u l a t e d  by summing o v e r  t h e  

phase  s h i f t s .  When p was s m a l l  t h e  JWKR cross sections o s c i l l a t e d  

a b o u t  t h e  c lass ica l  cross s e c t i o n s .  A s  p i n c r e a s e d  t h e  a m p l i t u d e s  

of t h e  o s c i l l a t i o n s  grew smaller u n t i l  t h e y  e f f e c t i v e l y  d i s a p p e a r e d  

when p = 10 A t  t h i s  v a l u e  of p t h e  p r e s e n t  c lass ica l  and JWKB 6 

cross s e c t i o n s  a g r e e d  t o  t h r e e  f i g u r e s  a t  those e n e r g i e s  where 

d i s a g r e e m e n t  w a s  o b t a i n e d  w i t h  Love11 and H i r s c h f e l d e r .  T h i s  

s u g g e s t e d  t h a t  t h e  p r e s e n t  c o l l i s i o n  i n t e g r a l s  were correct.  

S i n c e  o u r  r e s u l t s  are p a r t l y  i n  d i sag reemen t  w i t h  those 

of  L o v e l l  and  H i r s c h f e l d e r  and s i n c e  t h e i r  r e s u l t s  are as y e t  

u n p u b l i s h e d ,  w e  have  computed some q u a n t i t i e s  u s e f u l  i n  t h e  

c a l c u l a t i o n s  o f  t r a n s p o r t  p r o p e r t i e s  f o r  s y s t e m s  i n t e r a c t i n g  w i t h  a 

Morse p o t e n t i a l .  A s  is w e l l  known, t h e  Morse p o t e n t i a l  f u n c t i o n  

d o e s  n o t  become i n f i n i t e  a t  zero s e p a r a t i o n :  
P- 1 7  * -7 

cp(0) = 4E exp(C)/ L exp(C) - d. 
I- 

Whereas t h e  computer  program c o u l d  deal w i t h  a p o t e n t i a l  t h a t  d i d  

n o t  have  a h a r d  core, i t  w a s  f e l t  tha t  i t  w a s  p h y s i c a l l y  u n r e a l i s t , i c  

t o  c a l c u l a t e  cross s e c t i o n s  a t  e n e r g i e s  i n  excess of c y ( O > .  
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I n  T a b l e  111,  cp(0’1 is shown for a number of  v a l u e s  of C, 

For v a l u e s  of C! > 4 . 0 ,  t h e  e n e r g i e s  of i n t e r e s t  i n  t h e  p r e s e n t  

c a l c u l a t i o n s  a l l  f e l l  below ~ ( 0 )  and for C < 4 .0 ,  a n  uppe r  

e n e r g y  bound was set  s u c h  t h a t  

T h i s  uppe r  e n e r g y  bound i n  t u r n  sets a n  uppe r  dound on t h e  

t e m p e r a t u r e  r a n g e  for which c o l l i s i o n  i n t e g r a l s  c o u l d  be 

c a l c u l a t e d .  T h i s  uppe r  t e m p e r a t u r e  bound is a l s o  n o t e d  i n  

Table 111. 

The r e s u l t s  of o u r  c a l c u l a t i o n s  are p r e s e n t e d  for 

d i f f e r e n t  v a l u e s  of e3 i n  Table  I V .  The q u a n t i t i e s  l i s t e d  are 

n(l’l)w(T*), R ( 2 9  2’,*(T*), fqs f A P  f3 3 A * ,  B*, C*, E*, F”,  and 

[ELokl . The r educed  c o l l i s i o n  i n t e g r a l s  s2 “ 9 ” 7 ~ * )  and R (2,2)+J*) 
2 

are d e f i n e d  as 

The q u a n t i t i e s  f T ?  f A  and f 

K i h a r a ’ s  s econd  a p p r ~ x i m a t i o n ~ ~  t o  t h e  c o e f f i c i e n t s  of v i s c o s i t y ,  

t h e r m a l  c o n d u c t i v i t y  and d i f f u s i o n ,  r e s p e c t i v e l y :  

are f a c t o r s  u s e d  t o  o b t a i n  B 

f = I + -  ( 8 E * - 7  ) 2  , 
r )  196 

f x = l + - -  (&$E*- 7 I 2  42 

fa = 1+ (6C*- 5 ) 4 6 A * +  40) 
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v 

The q u a n t i t y  c.,",i 
t h e r m a l  d i f f u s i o n  f a c t o r  g i v e n  by 

is K i h a r a ' s  s econd  a p p r o x i m a t i o n  t o  t h e  isotopic 
2 

where gk is a c o r r e c t i o n  f a c t o r  g i v e n  by Mason? 

A *  , B* C* , E' , and F" are d e f i n e d  as 

The q u a n t i t i e s  

* * 
A* ~ n ( 2 , 2 )  / Q('9') 

The tab le  lists v a l u e s  o f  t h e  above  q u a n t i t i e s  o n l y  f o r  

C = 1, 2 ,  4 ,  6 ,  8,  and 2 0 .  T h i s  s e t  of  v a l u e s  of C w a s  found 

t o  b e  s u f f i c i e n t  f o r  i n t e r p o l a t i o n  between C '= 1 and C r= 20 t o  a n  

a c c u r a c y  o f  a s m a l l  f r a c t i o n  of 1% i f  g r a p h s  of t h e  q u a n t i t i e s  i n  

t h e  t a b l e s  were drawn a g a i n s t  l o g  C. ( I n  some cases a l o g - l o g  

g r a p h  g i v e s  more a c c u r a t e  r e su l t s ) .  

I n  t h e  s a m e  way it was found t h a t  it was p o s s i b l e  Lo 

i n t e r p o l a t e  f o r  any r e d u c e d  t e m p e r a t u r e  w i t h  a t ab le  containing 

many fewer t e m p e r a t u r e s  t h a n  are  u s u a l l y  g i v e n  i n  t a b l e s  of 

c o l l i s i o n  i n t e g r a l s .  The l i s t  of  t e m p e r a t u r e s  I n  T a b l e  I T 1  was 
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s u f f i c i e n t  f o r  i n t e r p o l a t i o n  to  a few p a r t s  i n  1 , 0 0 0  i f  t h e  

q u a n t i t i e s  were drawn a g a i n s t  l o g  T*. I n  t h e  case of  t h e  c o l l i s i o n  

i n t e g r a l s  t h e m s e l v e s  greatest a c c u r a c y  w a s  o b t a i n e d  from a p l o t  

of l o g  R ('7 s, * a g a i n s t  l o g  T * ~  
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F i g .  1 An i l l u s t r a t i o n  of t h e  u s e  of t h e  o r b i t i n g  

p a r a m e t e r s  ro and bo i n  t h e  c a l c u l a t i o n  of t h e  

t u r n i n g  p o i n t :  i f  bl > bo t h e n  r1 > ro; i f  b2 < bo 
t h e n  r2 < ro. 
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TABLE I 

4 

12 

Comparison of c a l c u l a t i o n s  of 6 by t h e  Gauss-Mehler formula  i n  

(16) for t h e  Lennard-Jones ( 1 2 - 6 ) p o t e n t i a l  w i t h  6 -  1 and E = E: 

0.081824 0 e 009776 0.002304 

0.081823 0.009776 0 a 002304 
- - - __ . . - - 

I 
Impact Parameter  

a 4 N is t h e  number of i n t e g r a t i o n  p o i n t s .  
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TABLE I1 

A comparison of t h e  cross s e c t i o n s  S(’)(E) e v a l u a t e d  for t h e  

Lennard-Jones (12-6) p o t e n t i a l  w i t h  6 = 1 and E = 1, by 

Gauss i an  i n t e g r a t i o n  w i t h  d i f f e r e n t  numbers of i n t e g r a t i o n  p o i n t s , N .  

32  1 42.34 18.89 12 .58  8 .166  6.337 

24 I 42.35 18.86 12.57 8.157 6.335 
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TABLE I11 

Upper bounds o n  the temperature range at  w h i c h  c o l l i s i o n  

i n t e g r a l s  have been ca lculated because cp(0) is f i n i t e  

f o r  t h e  Morse p o t e n t i a l .  

C 

1 . 0  

2 . 0  

3 . 0  

4 . 0  

18 .7  

188.8 

1 ,533 .4  

11 ,705 .4  

T*max 

0 .46  

4 . 6  

3 7 . 4  

285.5 



a d  u 
- e k  
( d o  

cdk 
k Q  
M 

u s 
E 

* 
n cv 

* 
rl 



cv 
i - 7  

X 
0 

Itl, 
5 5  
vzv! 
0 0  

d R  
$ S  
? p '  

* u 
K\ s: 
0: 
0 

3 
? 
0 0 

8 
rl 

3 
9 

rl 
3 
? 
0 

8 
0: 
rl 

0 

E 3  ? o :  
0 0  

3 
9 

rl ri rl 

n 

c 
0 u 

W 

* 
H 9 

* 
h 

* 
n 



. 

r\ 

c, 
E: 
0 u 

b- 

W 

H 

w 
;1 

c 

* 
n 
rl 



N r l  

c, 
E: 
0 u 
-0 

* w  
n /I 

w u  
d 

4 
E 

m 

* 
R 

* w 

* 
0 

* m 

* 
< 

0 

0 
Q, 
m 
0 

rl 

I? 
m 
CD 
Q, 

0 

rl 
N 
In 
Q, 

0 

In 
0 
Q, 
0 

rl 

cn 
1 
1 
rl 

rl 

I- 

4 

* 
N 

N 
.. 

v 

G 

+! 
n 
rl 

rl 
W 

s. 

c: 

* 
E 

d 

@a 
In 
1 
00 

1 

m 
m 
hl 

N 

1 

1 
0 
0 

0 

1 
b 
In 
00 
In 

0 

I+ 

00 

0 

rl 

m 

m 
rl 
ED 
Q, 

0 

CD 
0 
In 
Q, 

0 

m 
Q, 
0 

d 

m 

m 
0 
1 
rl 

rl 

In 
00 
0 
0 
rl 

m 
rl 
rl 
0 
rl 

m 
I- 
0 
0 

rl 

CD 
hl 
@a cu 
1 

0 
m 
0 
b 

m 

0 
rl 
0 

0 

In 
00 cv 
00 
In 

0 

cu 
ED 
m 
0 

rl 

N 
Q, 
In 
Q, 

0 

1 
Q, 
1 
Q, 

0 

rl 
In 
Q, 
0 
rl 

m 
m 
m 
d 

rl 

m 
00 
0 
0 
rl 

00 
0 
rl 
0 

rl 

Q, 
CD 
0 
0 

d 

1 cv 
00 
b 

m 

1 
b 

m 
m 

m 

0 
N 
0 

0 

Q, 
1 
rl 
00 
In 

0 

m cv 
0 

rl 

m 

b 
W 
In 
Q, 

0 

rl 
00 
1 
Q, 

0 

Q, 
b 
Q, 
0 

rl 

0 cv 
N 
rl 

rl 

cv 
00 
0 
0 

d 

cv 
0 
rl 
0 

rl 

In 
CD 
0 
0 

rl 

In 
(0 
0 
m 
m 

In 
0 
0 
0 

m 

0 
1 
0 

0 

b 
00 
m 
b 
In 

0 

ED 
0 cv 
0 

rl 

In 
Pa 
In 
Q, 

0 

m 
1 
1 
Q, 

0 

ED 
Q, 
0 
rl 

rl 

In 
0 
0 
rl 

rl 

b 
b 
0 
0 

rl 

N 
Q, 
0 
0 

rl 

Q, 
In 
0 
0 

rl 

1 
rl 
In 
00 

hl 

rl 
rl 
Q, 
In 

cv 

0 
0 
rl 

0 

cvb 
r l r l  
o m  
o m  

0 0  
Y ?  

w t -  
o r (  
O E D  o m  
4 0  
. .  

c u b  
o r (  
Q , Q ,  

0 0  

100 . .  

m m  
mED 
m a  m o o  
0 0  
. .  

0 1  
o m  
I n 1  
r l N  

d r l  
. .  

C D 1  
0 0 0 0  
0 0 0  
o r l  
d r l  
. .  

m I n  
w c v  
0 0  
0 0  . .  
r l r l  

E D Q ,  
0 0 1  
0 0  
0 0  

r l r l  
. .  

I n 4  

0 0  
0 0  

r l r l  

m m  

. .  

C D Q ,  
0 1  

1 I - i  

c v c v  

a m  . .  

Q , r l  
b ( 0  
a l c v  c u m  
h l r l  
. .  

0 0  
0 0  
c v 1  
0 0  
. .  

In 
00 
b 
In 
rl 

0 

v 
I- 
Q, 

0 

n 

dr 
m 
Q, 
00 

0 

Q, 
1 
(0 
00 

0 

rl 
0 
0 cv 
rl 

In 
Q, 
rl 
rl 

rl 

ED 
0 
0 
0 
rl 

10 
0 
0 
0 
rl 

m 
0 
0 
0 
d 

1 cv cv 
In 

rl 

00 
Q, 
In 
m 
rl 

0 
0 
0 

rl 

00 
1 
rl 
Q, cv 
0 

Q, 
1 
In 
Q, 

0 

rl 
b 
rl 
Q, 

0 

b 
rl 
Q, 
00 

0 

m 
0 
m 
rl 

rl 

In 

0 
m 
rl 

rl 

rl 
cv 
0 
0 
I+ 

b cv 
0 
0 

rl 

b 
rl 
0 
0 

rl 

d 
rl 
ED 
rl 

rl 

N 
N 
In 
0 

rl 

0 
0 
0 

cv 

cn 
@a 
00 v 
1 

0 

m 
1 
00 
Q, 

0 

cv 
In 
1 
Q, 

0 

rl 
cv cu 
Q, 

0 

00 
ED 
0 
rl 

d 

b 
00 
0 
I+ 

rl 

Q, 
1 
0 
0 

rl 

In 
b 
0 
0 
rl 

00 
1 
0 
0 

rl 

rn cv 
W 
Q, 

0 

In 
00 
W 

1 
ED 
rl 
cv 
In 

0 

m 
W 
0 
0 

A 

Q, 
b 
In 
Q, 

0 

00 
ED 

Q, 

0 

m 

1 
0 
rl 
rl 

rl 

CJ 
Q, cv 
rl 

rl 

CD 
ED 
0 
0 
rl 

In 
0 
rl 
0 
rl 

b 
CD 
0 
0 

rl 

cu cu 
rl 
00 

0 

m 
Q, 
I+ 

b 

0 

0 
0 
0 

0 
rl 

dr 
b 

rl 
In 

m 

00 
ED 
rl 
0 
rl 

cv 
b 
In 
Q, 

0 

m 
ED 
m 
Q, 

0 

W 
Q, 
rl 
rl 

4 

ED 
Lo 
1 
I+ 

I+ 

10 
a 
0 
0 

4 

m 
0 
I+ 

0 

4 

a 
(0 
0 
0 

l l  

W 
N 
N 
PI 

0 

0 
rl 

ED 

0 

m 

0 
0 
0 

0 cv 

rl 
1 
In 
a0 
1 

0 

rl 
rl 
cu 
0 
rl 

In 

In cn 
0 

m 

00 
rl 
m 
Q, 

0 

1 
0 
m 
rl 

rl 

cn 
0 
ED 
rl 

rl 

0 
CD 
0 
0 
I+ 

dr 
Q, 
0 
0 
rl 

0 
CD 
0 
0 
rl 

Q, 
00 
m 
ED 

0 

1 
0 
In 
In 

0 

0 
0 
0 

0 
1 

rl 
Q, 
In 
m 
1 

0 

0 
1 cv 
0 
rl 

Q, 
ED 
1 
Q, 

0 

cv 
cv 
Q, 

0 

m 

1 
(9 
1 
4 

rl 

1 
0 
00 
rl 

4 

Q, 
1 
0 
0 

rl 

Q, 
b 
0 
0 

rl 

rl 
In 
0 
0 

rl 

CD cv 
m 
In 

0 

cv 
rl 
In 
1 

0 

0 
0 
0 

0 
0 

00 
In cv cn 
m 
0 

rl 
In cv 
0 
rl 

rl 
rl 
dr 
GI 

0 

m 
In 
rl 
Q, 

0 

rl 
0 
(9 
rl 

rl 

1 
In 
Q, 
rl 

rl 

rl 
1 
0 
0 

I+ 

b 
CD 
0 
0 
rl 

m 
1 
0 
0 

4 

rl 
ED 
In 
1 

0 

b 
In 
rl 
00 

0 

m 

0 
0 
0 

0 
0 

d N  



b 

Y 

m 

c, 
E: 
0 u 
3 

W 

H 

w 
;I a 
4 
E 

* 
Fr 

* w 

* u 

* 
m 

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0  

a3 

* 

* 



L 

* 
Frc 

* w 

* 
0 

* a 

* 
? 
0 
N 

II 

0 3 
+I 



26 

REFERENCES 

1 

2 

3 

4 

5 

6 

7 

8 

9 

1 0  

11 

12 

S o  Chapman and T. G. Cowling, The Mathematical Theory of 

- Non-Uniform Gases, 2nd. Ed. (Cambridge U n i v e r s i t y  P r e s s ,  N e w  
__p______ 

York, 1952) ~ 

J. 0, H i r s c h f e l d e r ,  C .  F .  C u r t i s s  and R e  B. B i r d ,  Molecular  
Theory ._ of Gases - and L iqu ids  (John W i l e y  and Sons,  I n c . ,  New 
York, 1954) .  

(a)  E .  A .  Mason, J .  Chem. Phys,  ~- 22, 169(1954) ;  (b) I,. Monchick 

and E.  A .  Mason, J .  Chem. Phys. - 3 5 ,  1676(1961) .  

J. A .  Ba rke r ,  W.  Fock, and F. Smith,  Phys.  F l u i d s  - 7,  897(1964) .  

R .  A .  Buckingham, i n  P h y s i c a l  C h e m i s t r y  - i n  Aerodynamics - and 

Space F l i g h t  (Pergamon P r e s s ,  N e w  York, 1961) pp.205-216. 

R.  J.  Munn, J. Chem. Phys. - 40,  1439(1964) ,  

H .  S .  W ,  Massey and C. B. 0, Mohr, Proc .  Roy. Soc . ,  (London) 

- A141, 434(1933) ; A144, 188(1934) .  

T h i s  compact r e s u l t  is a t t r i b u t e d  t o  'H. A .  K r a m e r s  i n  r e f .  2 ,  

Chap. 10.  

N .  F. Mott and H .  S .  W .  Massey, The Theory -~ of Atomic C o l l i s i o n s ,  

2nd. Ed e (Clarendon Press, Oxford,  1949) . 

R .  A .  Buckingham and J. W. Fox, P roc ,  Roy. S o @ .  (London) A267, 

102 (1962) . 
K. W .  Ford ,  D. L ,  H i l l ,  M o  Wakano, and J .  A .  Wheeler, Ann. Phys. 

(New York) - 7 ,  239(1959) 

K.  W .  Ford and J .  A .  Wheeler, Ann. Phys.(New York) - 7 ,  259,287 

(1959) 



.- 
27 

A. 

l3 C. Lanczos,  Appl ied  - A n a l y s i s  ( P r e n t i c e - H a l l ,  Tne. Englewood 
C l i f f s ,  N e w  J e r s e y ,  1956) 

Z. Kopal,  - Numer ica l  A n a l y s i s  (Chapman and H a l l ,  L e d . ,  London, 

(1955) .  

l5 T. K i h a r a ,  and M .  Ko tan i ,  Pro@. Phys,-  Math.  S O C ,  Japan  ~ 25,  

602 (1943) 

J. d e  Boer and . l o  van Kranendonk, P h y s i c a  14, 442(1948) 

J. 0 ,  Hirsch fe lde r  and  S. E ,  L o v e l l ,  u n p u b l i s h e d  r e p o r t  from 

U n i v e r s i t y  of Wiscons in ,  WXS-AF-19(1961) . 

1 6  

17 

I__ 

l8 F.  J ,  Smi th ,  P h y s i c a  _. 30,  49'7(1964) 

J. 0. H i r s c h f e l d e r ,  R.  B o  Bird, and E .  Le S p o t z ,  J o  ChC:m. PhYs. 

- 1 6 ,  968(1948) ~ 

A .  Da lga rno  and F. J .  Smith, Pros, Roy.  (London) A267, 

477 (1962) * 

20 
I- 

21 P. Davis  and P. Rabinowi tz ,  J. Research N a t l .  Bur. Standards 
- 56,  35(1956)  ; - 60,  613C1958) 

P. Rabinowi tz  and G.  Weisss Math. Comp. - 13, 285(1959) .  

E .  C.  I t e a n ,  A.  R .  Glueck and R.  A .  S v e h l a ,  NASA T e c h n i c a l  

Note D-481(1961) e 

22 

23 

24 T. K i h a r a ,  Rev. Mod. Phys. - 25,  831(1953) .  

E. A .  Mason, J .  Chcm. Phys. 27, 7 5 ( 1 9 5 7 ) .  2 5  - 


